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Abstract
In this work, we discuss a finite element/operator-splitting method for simulating viscoelastic flow at highWeissenberg numbers.
This scheme is stable when simulating lid-driven cavity Stokes flow at high Weissenberg numbers.
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1. Introduction
Generally, viscoelastic computations in complex flows at high Weissenberg numbers have proven to be a
tremendous challenge, in particular for systems where singularities are present. Examples include cavity flows with
a steadily moving lid, and only a limited number of computational methods provide satisfactory results [1]. Lid-
driven cavity flows are important in many industrial processing applications such as short-dwell and flexible blade
coaters [2]. They also provide a model for understanding more complex flows with close recirculation regions, such
as flow over a slit, contraction flows and roll coating flows. The geometrical regularity and simplicity of the cavity
flow also make the cavity geometry convenient for different numerical methods (at least for cavity flow in Newtonian
fluids). There have been few numerical studies of cavity flows of viscoelastic fluids. When trying to simulate the time-
dependent viscoelastic flows at high Weissenberg numbers, there are two important issues needing to be considered.
First, the positive definiteness of the conformation tensor has to be preserved at the discrete level during the entire
time integration. Fattal and Kupferman [3] reformulated the constitutive equation as equations for the matrix logarithm
of the conformation tensor to preserve the positive definiteness. Lozinski and Owen [4] factorized the conformation
tensor to get σ = AAT and wrote down the equations for A approximately on the discrete level. Hence the positive
definiteness is preserved. Second, the constitutive equation is a hyperbolic equation and lacks a diffusion term. In [5],
an additional diffusion term added to the constitutive equation for the Oldroyd-B fluid did stabilize the computations.
The SUPGmethods have also been used widely with finite element methods (see [1]) to stabilize the numerical scheme
for solving the constitutive equation. The min–mod limiter used in [3] is known to be very stable but introduces
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additional diffusion; indeed the additional diffusion does smooth out some of the high frequency modes and then
stabilizes the numerical scheme to some extent when solving the constitutive equation. To reduce the number of high
frequency modes, we have chosen the finite element for discretizing the conformation tensor defined on a coarser mesh
(compared to the mesh for the velocity field); actually in, e.g., [3,6], the discrete conformation tensors were defined on
coarser meshes. The methodology presented in this work with the above features is found to be stable when simulating
lid-driven cavity Stokes flow at high Weissenberg numbers. In the following sections, we first introduce the model
problem in Section 2. Then we discuss the operator-splitting scheme and discretizations in space and time in Section 3.
Numerical results are discussed in Section 4.
2. Formulation of the problem
In this work, a lid-driven cavity Stokes flow of an Oldroyd-B fluid with a regularized boundary condition has
been chosen as the model problem. The simplicity of this problem is somewhat deceiving since the simulation of
cavity flows of viscoelastic fluids is more challenging than that for Newtonian flows due to the hyperbolic nature
of viscoelastic constitutive equations and the existence of the singularity of the conformation tensor next to the
downstream upper corner and the sharp boundary layer next to the lid. Let Ω = (0, 1)×(0, 1) be the domain occupied
by the fluid, Γ the boundary of Ω and T > 0. A lid-driven cavity Stokes flow of an Oldroyd-B fluid is governed by
−∇p + νs∆u+ νp
λ1
∇ · σ = 0 in Ω × (0, T ), (1)
∇ · u = 0 in Ω × (0, T ), (2)
∂σ
∂t
+ (u ·∇)σ − (∇u)σ − σ (∇u)T = 1
λ1
(I− σ ) in Ω × (0, T ), (3)
σ (0) = σ 0 in Ω , (4)
u = g(t) on Γ × (0, T ) with
∫
Γ
g(t) · ndΓ = 0 on (0, T ). (5)
Here u and p are the flow velocity and pressure, σ is the conformation tensor, νs and νp are the solvent and polymer
viscosities, λ1 is a characteristic relaxation time for the fluid, while n is the unit outward normal vector at the boundary
Γ . We also use, if necessary, the notation v(t) for the function x → v(x, t). To compare numerical results with those
in [3], we have chosen the same regularized boundary condition,
g(x, t) =

(
8(1+ tanh 8(t − 0.5))x2(1− x)2
0
)
, for x = (x, 1)T, 0 < x < 1,
0, otherwise.
(6)
The discontinuity of the velocity field at two upper corners has been removed, but the singularity of the conformation
tensor at the downstream upper corner and the sharp boundary layer next to the lid at high Weissenberg numbers
still exist. For this problem there is no inflow boundary condition for the conformation tensor due to the choice of
the boundary condition (6). The Weissenberg number We = λ1U/L is λ1 since the characteristic length and the
characteristic velocity speed are both equal to 1 for this problem.
3. Scheme and discretizations
For the conformation tensor, which is symmetric positive, we have that ψ = log σ . (Recall that a symmetric
positive definite matrix A can always be diagonalized, A = RΛRT, and that log A = R logΛRT.) In [3], with un
being a divergence-free velocity field and σ a symmetric positive definite tensor field, the velocity gradient ∇un can
be decomposed as ∇un = ωn + Bn + Nnσ−1 where ωn and Nn are anti-symmetric, and Bn is symmetric, traceless,
and commutes with σ . Combining Lie’s scheme [7] and the matrix logarithm of the conformation tensor yields the
scheme as follows:
For n ≥ 0, σ n (and ψn) being known, we solve un+1 and pn+1 via the solution of the problem:
−∇pn+1 + νs∆un+1 = −νp
λ1
∇ · σ n in Ω , (7)
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Fig. 1. The history of the kinetic energy 12 ‖uh‖22 (left) and the streamlines (right) for h = 1/256 and t = 8 for We = 1. The marks “+” indicate
results obtained in [3].
∇ · un+1 = 0 in Ω , (8)
un+1 = g(tn+1) on Γ . (9)
Next, we solve ψn+1 via the following steps: first solve
∂ψ
∂t
+ (un+1 ·∇)ψ = 0 in Ω × (tn, tn+1), (10)
ψ(tn) = ψn in Ω , (11)
and set ψn+1/2 = ψ(tn+1). Then solve
∂ψ
∂t
− [ωn+1 ψ − ψ ωn+1] − 2Bn+1 = 1
λ1
(e−ψ − I) in Ω × (tn, tn+1), (12)
ψ(tn) = ψn+1/2 in Ω , (13)
and set ψn+1 = ψ(tn+1) and σ n+1 = eψn+1 .
Concerning the space approximation, we have used P1-iso-P2 and P1 finite elements for the velocity field and
pressure, respectively, and the P1 finite element defined on the pressure mesh for each component of the log-
conformation tensor. The Stokes problem (7)–(9) is solved using an Uzawa/conjugate gradient algorithm [7]. The
advection problem (10) and (11) is solved by a wave-like equation method (e.g., see [7]) with first-order upwind
treatment for the advection, V · ∇ f , at each sub-timestep. In (12), ωn+1 and Bn+1 are obtained from ∇un+1, which
is computed via an L2-projection on the pressure mesh. Then problem (12) and (13) is solved at each mesh point by
a second-order Runge–Kutta method since the trapezoidal quadrature rule is used for numerical integration.
Remark 3.1. To compute ω, B, and N with a divergence-free velocity field u for the two-dimensional case, the
following formulas are given in [3]. If σ is proportional to the unit tensor then set B = (∇u+ (∇u)T)/2 and ω = 0.
Otherwise, calculate the diagonalizing transformation:
σ = R
(
λ1 0
0 λ2
)
RT, (14)
and set(
m11 m12
m21 m22
)
= RT(∇u)R. (15)
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Fig. 2. The cross-sections u1(0.5, y) (upper left), u2(x, 0.75) (upper right), ψ11(0.5, y) (lower left), and ψ12(x, 0.75) (lower right) for h = 1/128
(dashed line) and 1/256 (solid line) at t = 8 for We = 1. The marks “+” indicate results obtained in [3].
Then,
N = R
(
0 n
−n 0
)
RT, B = R
(
m11 0
0 m22
)
RT, ω = R
(
0 ω
−ω 0
)
RT, (16)
with n = (m12 + m21)/(λ−11 − λ−12 ), and ω = (λ2m12 + λ1m21)/(λ2 − λ1). 
Remark 3.2. We can further split (12) and (13) into the following two steps:
∂ψ
∂t
− [ωn+1 ψ − ψωn+1] − 2Bn+1 = 0 in Ω × (tn, tn+1), (17)
ψ(tn) = ψn+1/2 in Ω , (18)
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Fig. 3. The contour plots of ψ11 (left), ψ12 (middle) and ψ22 (right) for We = 1.
Fig. 4. The history of the kinetic energy (left) and the streamlines (right) for We = 3.
and set ψ˜
n+1 = ψ(tn+1) and σ˜ n+1 = eψ˜n+1 . Then solve
∂σ
∂t
= 1
λ1
(I− σ ) in Ω × (tn, tn+1), (19)
σ = σ˜ n+1 in Ω , (20)
and set σ n+1 = σ (tn+1) and ψn+1 = log(σ n+1).
The analytical solutions of above two subproblems can be obtained easily (at least for two-dimensional flows).

4. Numerical experiments
We have considered the numerical simulation of a lid-driven cavity Stokes flow for an Oldroyd-B fluid. The initial
condition for σ is σ 0 = I. The viscosities, νs and νp, in all calculations are equal to 1. The relaxation time λ1 is 1
or 3 (We = 1 or 3, respectively). The meshes Th and T2h are uniform triangular meshes. For the case of We = 1,
results obtained with h = 1/128 and 1/256 are computed with timestep 4t = 0.001. In Fig. 1, the history of the
kinetic energy and the streamlines are shown for h = 1/256. The center of the core vortex region shifts in the
upstream direction as observed in the experiments [8]. The cross-sections of the velocity components, u1(0.5, y) and
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u2(x, 0.75), and the log-conformation tensor, ψ11(0.5, y) and ψ12(x, 0.75), are shown in Fig. 2. They are all in good
agreement with the results shown in [3]. In Fig. 3, the contour plots of three entries of the log-conformation tensor
show the sharp boundary layer of σ 11 next to the lid and singularities of σ 12 and σ 22 close to the upper right corner
(the downstream upper corner). In Fig. 4, the history of the kinetic energy and the streamlines show that the method
is stable, which was not obtained in [3] for the case of We = 3.
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